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ABSTRACT 

I review various aspects of the pre-big-bang scenario and of its main open 
problems, with emphasis on the role played by the dilaton. Since the 
dilaton is a compelling consequence of string theory, tests of this scenario 
are direct tests of string theory and also, more generally, of Planck scale 
physics. 
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1. Introduction: the Pre-Big-Bang Scenario. 

The aim of this paper is to provide a short but self-contained introduction to the 
so-called "pre-big-bang" inflationary scenario [1], arising in the context of string 
cosmology, with emphasis on its phenomenological aspects. In particular, I will 
concentrate my discussion on the process of cosmological dilaton production [2], 
as an example of the fact that it is the dilaton which mainly differentiates string 
cosmology from other inflationary models of the early universe. 

Let me recall, first of all, that what I refer to here as "string cosmology" 
is simply a model of the early universe based on the low-energy string effective 
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action, possibly supplemented by matter sources. The sources may be represented, 
phenomenologically, even in a perfect fluid form, but always with an equation of 
state which consistently follows from the solution of the string equations of motion 
in the given cosmo logical background. This definition is probably not enough for 
a truly "stringy" description of the universe in the very high curvature regime (see 
Sect. 4), but it is certainly enough for suggesting the scenario that I have sketched 
in Fig. 1. 

Indeed, already at the level of the low energy string effective action, there are 
motivations to expect that the present phase of standard cosmological evolution 
(decelerated, with three spatial dimensions, decreasing curvature, "frozen" New- 
ton constant), is preceeded in time by a phase which is the "dual" counterpart 
of the present one (dual in the sense explained in Sect. 2). Such dual phase is 
characterized by accelerated expansion of the external dimensions, possible accel- 
erated shrinking of the internal ones, growing curvature, growing dilaton. As a 
consequence, the entire time evolution of the curvature scale corresponds to the 
bell-like like curve of Fig. 1, instead of blowing up like in the standard model, or 
of approaching a constant value like in the case of de Sitter-type evolution. A sim- 
ilar bell-like behaviour is expected for the temperature and for the total effective 
energy density. 
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This cosmological picture was first sketched in some pioneer papers based on 
an application of the target-space duality of string theory in a thermo dynamical 
context [3] , and later independently re-discovered with a different approach, based 
on the solution of the string equations of motion in a curved background [4] . The 
thermodynamical approach was further developed in [5,6], while the dynamical 
approach led to the notion of " scale- factor" duality [7-9] , subsequently applied to 
formulate a possibly realistic inflationary cosmology in [1,2,10-13]. 

In the context of such a scenario the "big-bang" is simply interpreted as the 
phase of maximal (but finite) curvature and temperature, marking the transi- 
tion from the epoch of accelerated evolution, growing curvature and gravitational 
coupling, to the standard radiation-dominated evolution. Hence the name "pre- 
big-bang" for the primordial phase in which the curvature is growing, as illustrated 
in Fig. 1. 

It should be stressed, however, that Fig. 1 gives only a qualitative, very rough 
description of the whole scenario. In particular, there is no need for the evolution 
of the curvature scale to be time-symmetric, and a standard inflationary phase 
could be included also in the post-big-bang period (or in the transition epoch). 
Indeed, the pre-big-bang scenario should be regarded not as alternative, but as 
complementary to the standard (even inflationary) cosmological picture. At least 
complementary to those inflationary models which cannot be extended for ever 
towards the past, without running into a singularity [14]. 

In the following Section I will report, very briefly, some string theory motiva- 
tion supporting a pre-big-bang cosmological scenario. 



2. Motivations for the Pre-Big-Bang Scenario. 

A first motivation relies on a symmetry property of the cosmological equations 
obtained from the low energy string effective Lagrangian [15], 



£ = -v \g\e~ 
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the so-called " scale- factor" duality [7,8] (here <fi is the dilaton and 
antisymmetric (torsion) tensor). This symmetry implies that if the background 
fields are only time-dependent, and if {a, 0} are scale factor and dilaton of a given 
isotropic exact solution with B^ v = 0, then a new exact solution {a, (/)} is obtained 
through the transformation (in d spatial dimensions) 



a = a 



— 2dlna 



(2.2) 
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This symmetry is a particular case of a more general 0(d, (i)-covariance [9,16] 
of the cosmological equations, which holds for spatially flat metric backgrounds, 
and which mixes non-trivially the spatial components of the metric, gij , and of the 
antisymmetric tensor, Bij. This covariance holds even in the presence of sources, 
provided they represent "bulk" string matter, satisfying the string equations of 
motion in the given background [11]. In such case, the duality transformation (2.2) 
acting on the background is to be accompanied (in a perfect fluid approximation) 
by a reflection of the equation of state, 

p/p -»■ P/P = -P/P ( 2 - 3 ) 

It should be noted, moreover, that a generalized version of duality symmetry can be 
extended also to the case of spatially curved manifolds invariant under some non- 
abelian isometry [17], though there are technical problems related to the dilaton 
transformation in case the isometry groups is non-semisimple [18]. 

What is important, in our context, is that by combining a duality transforma- 
tion with time-reversal, t — > —t, we can always associate to any given decelerated, 
expanding solution, with decreasing curvature, characterized by the condition 

d>0, d < 0, H <0 (2.4) 

(H = a/ a, and a dot denotes differentiation with respect to the cosmic time t), an 
accelerated, expanding solution, with growing curvature, 

d>0, d > 0, H>0 (2.5) 

of the pre-big-bang type [1]. Consider, as example of decelerated "post-big-bang" 
solution, the simple but important case of standard radiation-dominated evolution, 
with frozen dilaton, 

a = t 1/2 , p = p/S, (p = const, t > (2.6) 

which is still an exact solution of the string cosmology equations. The associated 
pre-big-bang solution 

a = (-t)" 1/2 , p=-p/3, = -31n(-t), t<0 (2.7) 

describes superinflationary [19] expansion, with growing dilaton. Owing to the 
properties of the low energy string effective action it is then possible, in particular, 
to find "self-dual" cosmological solutions [1], characterized by the condition 

a(t) = a~ 1 (-t) (2.8) 
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and connecting in a smooth way the two duality-related regimes. This is impossible 
in the context of the Einstein equations, where there is no dilaton, and this duality 
symmetry cannot be implemented. 

A second string theory motivation for the pre-big-bang scenario is related to 
the fact that when the evolution is accelerated and the curvature scale is growing, 
according to eq.(2.5), then the proper size of the event horizon 



Jt 

(t\ is the maximal allowed future extension of the cosmic time coordinate in the 
given manifold) shrinks linearly in cosmic time, 



instead of being constant like in case of de Sitter-like exponential expansion (see 
Table I and II of Ref.[l]). No problems for points, of course, but objects of finite 
proper size may become in such case larger than the horizon itself. Different points 
of the object, falling along different geodesies, tend to become asymptotically 
causally disconnected, because their proper spatial separation becomes larger than 
the proper size of the local horizon associated to their relative acceleration [20]. 

In such a situation the stress tensor T M v of a gas of test strings satisfies the 
condition [4,21] 



which implies, in the perfect fluid approximation Tq = p, J = — pdi J , a negative 
effective pressure p < 0. With such a negative pressure the string gas itself may 
sustain, self-consistently, the given background evolution [1]. This is impossible 
in the case of point-like objects, where there is no such asymptotic "stretching" 
regime, and then no equation of state compatible with the background evolution. 

This means, in other words, that by using as model of sources a sufficiently 
diluted gas of classical strings, we can find self-consistent solutions to the full 
system of equations [2,22] including both the background field equations obtained 
from the Lagrangian (2.1), 




(2.9) 



(2.10) 




(2.11) 
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(2.13) 



5 



d v (^\g\e-^ H^ p ) =0 (2.14) 

with an effective source term given by a sum over all strings of the the stress tensor 
of each individual strings, 

mu», \ 1 f , , ,dX»dX v dX» dX v . en , v 

T^(x) = = / dadr(— — )5 D (X - x) (2.15) 

' dr dr da da 



and the string equations of motion (plus constraints) in the same given background, 
d 2 X^ d 2 X» dX<*_ dX a ^dX? dX\_^ 

AX»dX v dX^dX\ dX» dX v 

,J ^^r + ^riy ) = - at = ° (2 ' 16) 

Here Gd is the D = (<i+l)-dimensional gravitational constant, (a') _1 is the string 
tension, Y^ v and V M are connection and covariant derivative for the background 
metric g^, H^ va = Qd^B vo ^ is the torsion field strength, X^ are the background 
string coordinates, and r and a the usual world-sheet time and space variables 
(we are using the gauge in which the world-sheet metric is conformally flat). 

If we impose, as initial condition, the flat and cold string perturbative vacuum 
(which is the most natural one in a pre-big-bang context, and requires no fine- 
tuning), supplemented by a constant but non- vanishing density of pressureless 
string matter [2], 

a = const, 4> = — oo, p = cord, p = (2-17) 

then the general solution describes the accelerated evolution of the weakly coupled 
initial regime towards a curved, dilaton-driven, strong coupling regime, character- 
ized by a final Kasner-like configuration, possibly anisotropic, 



a; 



0~(£ft-l)ln(-f), £# = 1, t<0 (2.18) 



in which the expanding dimensions superinflate [2]. 

It should be stressed, in conclusion of this Section, that the initial condition 
(2.17) in not new, as it was previously reported also by the Bible. In fact, as 
clearly stated in the Genesis [23], 

"In the beginning God created the Heaven and the Earth. 

And the Earth was without form, and void; 

and darkness was upon the face of the deep. 
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And the Breath of God 
moved upon the face of the water. . . " 
which clearly means, in a less metaphorical language, 

"In the beginning God created the Background Fields and the Matter Sources. 
And the Sources were pressureless and embedded in fiat space; 
and this dark matter had negligible interactions ((f) = —oo). 
And the Dilaton 

fluctuated in the string perturbative vacuum. . . " 
(For an explanation the next step, "And God said: Let there be light\ work is 
still in progress). On account of the experience of Galilei, who got into juridical 
trouble for contradicting the words of the Bible, we prefer to follow very closely 
the cosmological prescriptions of the Genesis. Surprisingly enough, they seem to 
be in excellent agreement with the overall picture of a pre-big-bang scenario. 

3. Inflation and Accelerated Contraction. 

The pre-big-bang picture described in the previous Section was explicitly based on 
the the so-called Brans-Dicke (BD) metric frame, in which the effective Lagrangian 
(truncated to the metric and dilaton kinetic terms) takes the form 

C = -V\9\^[R+(d^) 2 ] (3-1) 

This is the natural frame in a string theory context [24], as its metric coincides 
with the sigma-model metric to which test strings are directly coupled. In the 
associated Einstein (E) frame the dilaton is minimally coupled to the metric, and 
the truncated Lagrangian is diagonalized in the canonical form 

(3.2) 

A possible difficulty for the pre-big-bang scenario follows from the observation 
that any isotropic superinflationary solution, describing in the BD frame growing 
curvature and accelerated expansion, 

d > 0, d > 0, H >0 (3.3) 

when transformed into the E frame through the conformal (<i-dimensional) rescal- 
ing [2,13] 

o^ae* 1 ', dt^ dte-^/ {d ~^ (3.4) 



£ = -V\g\ 



R 
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becomes an isotropic solution whose curvature scale is still growing, but describing 
accelerated contraction, characterized by the conditions 



d<0, a < 0, H <0 (3.5) 

Consider indeed, as example of superinflationary background, the isotropic 
version of the solution (2.18), with j3i = j3 = — 1/y/d < 0. In the E frame it is 
transformed into the solution 



a~(-t) 1 / d , 0~ -\j ^ d ^ ln(-t), t<0 (3.6) 

which satisfies the conditions of eq.(3.5). 

This result would seem to imply that the inflationary properties of the back- 
ground are frame-dependent. This fact, however, is only an apparent difficulty, 
as it turns out that accelerated contraction is equally good to solve the kinemati- 
cal problems of the standard model as accelerated expansion [2,13]. Consider for 
instance the so-called flatness problem, in an isotropic manifold with scale factor 
a ~ \t\ a . This problem is solved if the ratio between the spatial curvature term, 
k/a 2 , and the other terms of the cosmo logical equations decreases enough during 
inflation, 

k k k 



a 2 H 2 a 2 |t|2(«-i) 



(3.7) 



so as to compensate its subsequent growth during the phase of standard evolution. 
This condition is satisfied in three possible cases: 

1) t — > oo, a ~ t a , a > 1, namely during a phase of power-law inflation, which 
obviously includes the limiting case of standard exponential expansion (a — > oo). 

2) t — > 0, a ~ (— t) a , a < 0, namely by what is called pole-like, or superinfla- 
tionary expansion [19], and which corresponds to a pre-big-bang solution in the 
BD frame. 

3) t — > 0, a ~ (— t) a ,0 < a < 1, namely by a phase of accelerated contrac- 
tion, satisfying eq.(3.5), which is just the form of the pre-big-bang solution when 
transformed to the E frame. 

With similar arguments one can show that also the horizon problem can be 
solved by a (long enough) phase of accelerated contraction. Consider indeed a 
phase of accelerated evolution and growing curvature, with a ~ (— t) a for t — > 0_. 
In that case the event horizon shrinks linearly (irrespectively of the sign of a [1]), 
while the proper size of a causally connected region scales like the scale factor. 
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The horizon problem is solved if causally connected scales are "pushed out" of the 
horizon, namely if the ratio 

(proper size event horizon 
proper size caus. conn. reg. 

shrinks during inflation. Again, this may occur for a < 0, superinflation, but also 
for < a < 1, accelerated contraction, because in this last case the event horizon 
shrinks always faster than the scale factor itself. 

It is important to stress that both the "horizon ratio" (3.8), and the previous 
"flatness ratio" (3.7), measure the duration of the accelerated epoch in terms of the 
conformal time coordinate n, defined by dn — dt/a, and that conformal time is the 
same in the E and BD frame (see eq.(3.4)). As a consequence, if superinflation is 
long enough to solve the standard kinematical problems in the BD frame, then the 
problems are solved also in the E frame by the phase of accelerated contraction 
[2,13]. One can show, moreover, that the number of strings per unit of string 
volume is diluted in the same way in both frames [2], in spite of the contraction. 
All these results, together with the fact that the scalar and tensor perturbation 
spectrum is also the same in both frames [2,13], assure the frame-independence of 
the inflationary properties of the pre-big-bang background. 

This independence emerges as a non-trivial consequence of dilaton dynamics, 
because it is the dilaton which generates the conformal transformation connecting 
the two frames. 



I alt) 



4. Main Open Problems. 

The scenario so far described leaves out the possible effects of a dilaton potential. 
Indeed, at low enough energy scale, the dilaton potential V((f>) can appear at a non- 
perturbative level only, and it is expected to be negligible, V{4>) ~ exp[— exp(— 0)]. 
In that case, however, the growth of the curvature and of the dilaton coupling is 
unbounded, as 

\Hi\ -> oo, -> oo (4.1) 

when t — > 0_ in the asymptotic solution (2.18), and the background unavoidably 
run towards a singularity. 

We are thus led to what is probably the main difficulty of the whole scenario, 
namely the possible occurrence of a smooth transition from growing to decreasing 
curvature, with associated dilaton freezing. Such a transition should include, more- 
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over, some non-adiabatic process of radiation production ("Let there be light"), in 
order to solve also the entropy problem of the standard model. 

Up to now, only a few examples of smooth transitions are known, with non- 
vanishing antisymmetric tensor in D = 2 + 1 dimensions [10], or with a non-local, 
repulsive dilaton potential [1], or with a' corrections and moduli fields contri- 
butions [25], which simulate loop corrections. An additional example of regular 
background [26], which is inhomogeneous, can be obtained by performing 0(d,d) 
transformations starting from the cosmological solution of Nappi and Witten [27]. 

All these examples, however, are not fully "realistic", for various reasons. A 
truly realistic model should include both a' and loop corrections (which become 
important in the high curvature, strong coupling regime) , and a non-perturbative 
dilaton potential, related to supersymmetry breaking, which forces the dilaton to a 
minimum, gives it a mass, and freezes the value of the Newton constant (a possible 
motivated example of dilaton potential is discussed in [28]). A graceful exit from 
the phase of pre-big-bang evolution seems to be impossible without including both 
contributions [29]. Moreover, limiting temperature effects should be added near 
the Hagedorn scale, ad this can modify the effective equation of state [30,31]. New 
exact solutions [32] confirm the importance of the antisymmetric tensor B^ v in 
generating interesting dynamics, but cannot avoid curvature singularities. 

Recent progress on exact string solutions, to all orders in a/, is encouraging 
[33]. The problem, however, is that the explicit form of the full corrections is not 
known, and difficult to find to all orders. In order to discuss possible phenomeno- 
logical aspects of the pre-big-bang scenario we shall thus adopt here a sort of 
"sudden" approximation, in which we cut off the details of the transition regime, 
by matching directly the pre-big-bang-phase to the standard radiation-dominated 
evolution, at some given curvature scale H\. This will affect the high-energy "tail" 
of our predictions, but not the predictions for scales much smaller than the string 
one, provided the transition is localized in the high-curvature region. Work is in 
progress to estimate the length of the transition regime [34] . 

We shall assume, moreover, that the dilaton potential is negligible in the pre- 
big-bang phase, and vanishing in the post-big-bang, where a constant, massive 
dilaton background is sitting exactly at the minimum of the potential, with neg- 
ligible classical oscillations around it. But I will come back on this point later, 
when discussing dilaton production. 
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5. Phenomenological Signature of the Pre-Big-Bang Scenario. 

Summarizing the previous discussion, we can say that string theory suggests a 
cosmological pre-big-bang scenario which has still many unsolved problems. What 
is presently lacking, in particular, is a detailed model for the transition from the 
growing to the decreasing curvature regime, and for the process of non-adiabatic 
radiation production. This scenario has also various interesting aspects, however, 
such as natural initial condition, natural inflation, the initial singularity of the 
standard model is eventually smoothed out, and so on. 

The crucial question, however, is the following: is it possible to test observa- 
tionally this scenario and, in particular, to distinguish it from other inflationary 
models of the early universe? 

As far as I know, it is the dilaton which marks the main difference between 
string cosmology and other cosmological models, and which characterizes the main 
phenomenological aspects of the pre-big-bang scenario. At the present state of our 
knowledge, such aspects are: 

1) Scalar and tensor perturbation spectrum growing with frequency (the so- 
called "blue" spectrum). This property is related to the superinflationary kine- 
matics [35, 36,12] and, as such, is not peculiar of string cosmology. In a pre- 
big-bang context, however, superinflation is not necessarily associated to a phase 
of dynamical dimensional reduction [19], but it is typically a consequence of the 
dilaton dynamics. 

2) Squeezed vacuum, and not squeezed thermal vacuum, as the final state of 
the amplified perturbations. This quantum property [37] is also not peculiar of 
string cosmology only, but of all those inflationary models with a cold (T = 0) 
initial state [38]. 

3) Possible existence of a relic background of cosmic dilatons. This is the 
new effect, peculiar of string cosmology, where in addition to the metric there is 
also a dilaton field. The parametric amplification of the dilaton fluctuations leads 
to dilaton production [2,39], just like the amplification of the tensor part of the 
metric perturbations leads to graviton production. 

5.1 Growing Perturbation Spectrum. 

The first point to be stressed, when considering a growing perturbation spectrum, 
is that besides the usual bounds on the spectrum obtained from large scale physics 
one must include, in general, an additional constraint imposed by the observed 
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closure density. 

Indeed, let me recall that for a background evolution of the type 
inflation — > radiation- dominance — * matter- dominance 
the spectral energy density of the amplified perturbations (in units of p c = H 2 /G) 
can be parametrized in terms of the inflation-radiation transition scale Hi as 
[12,36,40] 

^. . ui dp 
Q(u;,t )=-/- 
p c doo 

-G//f(^V(^) 4 (-y"". (5.i) 



H J \ a ) \co>i 



Here n is th spectral index, o;i = ai ifi/a ~ 10 11 y/Hx/Mp Hz is the maximum am- 
plified proper frequency (M p is the Planck mass), ujo ~ 10~ 18 Hz is the minimum 
amplified frequency corresponding to a mode crossing today the Hubble radius 
Hq 1 , and u)2 = a^H^ja ~ 10 2 u;o is the frequency corresponding to the matter- 
radiation transition scale H 2 ~ 10 6 H . The high frequency part of the spectrum 
(u > UJ2) is determined by the first background transition only (from inflation to 
radiation), while the low frequency part is affected by both transitions. 

The (approximate) large scale isotropy [41] of the cosmic microwave back- 
ground (CMB) imposes on the perturbations the condition 

O(^ ,to)~10- 10 =S> log 10 ^^^^(29n-39) (5.2) 

The critical density bound reads 

Q(t) = / —Q(u,t) ~ 1 (5.3) 

and implies, for a growing spectrum (n > 1), 

H x ~ M p , Q(t ) ~ 10" 4 (5.4) 

If the growth is fast enough, the perturbations are thus mainly constrained by 
the critical density bound, rather than by CMB isotropy. This is illustrated in Fig. 
2, where the spectral density of tensor perturbations is plotted versus the proper 
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frequency, for three different values of the spectral index n. Also plotted in Fig. 
2 is the constraint obtained from pulsar-timing data [42], £l(lO~ 8 Hz) ~ 10~ 6 , 
and also (very roughly) the planned sensitivity of LIGO [43], just to stress that 
there are more chances to observe a cosmic graviton background in case of growing 
spectral distribution. 

For a very fast growth of the spectrum it becomes impossible, of course, to 
explain the observed COBE anisotropy [44], which should then be ascribed to 
other causes (topological defects, etc.). What is to be remarked however is that, 
even if constrained by CMB, higher inflation scales become compatible with the 
isotropy bound in the case of a growing spectrum, as illustrated in Fig.3, again 
for tensor perturbations. 

For flat or decreasing spectra (n < 1) one has well known maximum allowed 
scale Hi ~ 10~ 5 M p , while for a fast enough growing spectrum (n ~ 1.35) scales 
as high as Planckian are allowed (not higher, otherwise the produced gravitons 
would overdose the universe). This is important in a string cosmology context, 
where the natural scale for the inflation-radiation transition is indeed the string 
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scale, Hi ~ (a') -1 / 2 ~ 10~ 1 M p , of nearly Planckian order, which becomes in this 
case compatible with the phenomenological bounds. 

It should be stressed, finally, that for Planckian values of the final inflation 
scale Hi, the "coarse graining" entropy AS associated to the cosmological ampli- 
fication of the perturbations [45, 46] 

(H \ 3 ^ 2 
-^-j x (CMB entropy) (5.5) 

becomes comparable with the entropy stored in the cosmic black-body spectrum. 
Moreover, in such case the (pre-big-bang) — > (post big-bang) transition could be 
even responsible for the generation of the presently observed thermal background 
radiation, according to the mechanism proposed by Parker [47]. Indeed, the high 
frequency part (uj > uji) of the radiation produced in that transition is char- 
acterized by a Planck distribution, typical of thermal equilibrium, at a proper 
temperature Ti which today is given by 

U0J a(t ) l \Hj \H 2 ) \M P/ 
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For Hi ~ M p this is exactly of the same order as the observed CMB temperature. 
5.2 Cold Initial State. 

In order to discuss the second phenomenological signature of the pre-big-bang sce- 
nario, I recall that the parametric amplification of the cosmological perturbations 
may be interpreted, from a quantum point of view, as a process of pair produc- 
tion in an external (gravitational) field, described by a Bogoliubov transformation 
connecting the in and out solutions of the linearized perturbation equation [40,48], 

< + [k 2 - V( V )] A = (5.6) 

Here a prime denotes differentiation with respect to conformal time rj, ipk is the 
Fourier component of the perturbation, for a mode of comoving frequency k = au>, 
and V{rj) is the effective potential barrier associated to the transition of the back- 
ground from accelerated to decelerated evolution. Such a transformation relates 
the in annihilation and creation operators, {b, tf}, to the out operators, {a, a)}, 

a k = c+(k)b k + c*(fc)&L fc , a ] _ k = c-(k)b k + cl(k)bl k (5.7) 

where c±(k) are the Bogoliubov coefficients satisfying |c_| 2 — |c_|_| 2 = 1. It can be 
rewritten as a unitary transformation 

a k = E fc 6 fc E^, al k = T, k b ] _ k T,\ (5.8) 

generated by the "two- mode" squeezing operator [37,49], 

E fc = exp(z£6fc&_fc - z k b\b ] _ k ) (5.9) 

where the complex number z parametrizes the Bogoliubov coefficients as 

z k = r k e 2i9k , c + = coshr fc , c_ = e 2i9k sinhr fc (5.10) 

and depends thus on the dynamics of the external gravitational field leading to 
the process of pair creation. 

The squeezing operator describes the evolution of the initial state of the fluc- 
tuations into a final "squeezed" quantum state. If we start from the vacuum |0) we 
obtain, for each mode, a final squeezed vacuum state [37], \z k ) = T, k \0), with final 
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number of particles N k determined by the squeezing parameter r = \z\ or, equiv- 
alently, by the coefficient c_ which measures the content of negative frequency 
modes in the out solution of the perturbation equation, 

N k = (z k \b\b k \z k ) = sinh 2 r fc = (0|a+a fc |0> = |c_(£;)| 2 (5.11) 

If we start, however, with a non-trivial number state \n k ) or, more generally, with 
a statistical mixture of number states [46, 50], we obtain a squeezed statistical 
mixture, with final expectation number of particles [51] 

N = |c_| 2 (l + n) +n(l + |c_| 2 ) (5.12) 

depending on the squeezing parameter and on the initial average number of par- 
ticles n = J2 n np n , where p n are the statistical weights of the mixture (here, and 
in what follows, the mode index k is to be understood, if not explicitly written). 
Starting in particular from a state of thermal equilibrium, n = (e^ oa; — l) , the 
cosmological evolution leads to a final " squeezed thermal vacuum" , with expecta- 
tion number of particles given, in the large squeezing limit (r >> 1), by 

N(uj) ~ sinh 2 rcoth ( ^ j (5.13) 



For all the inflationary models requiring, as initial condition, a state of thermal 
equilibrium, the process of amplification of the fluctuations starts not from the 
vacuum, but from the initial thermal bath. As a consequence, the final state of 
the perturbations is a squeezed thermal vacuum, instead of the pure squeezed 
vacuum, and the spectrum (5.1) is modified as follows [38] 

^ G <§) 2 ©W~W^) (5 - i4) 

(with similar expression for the low frequency part, lo < u^). The new parameter 
here is [3o = 1/To, namely the inverse of the temperature of the initial bath, 
rescaled down (adiabatically) to the present observation time to- 

The evident effect of the initial temperature is that, because of stimulated 
emission, particle production is enhanced at low frequency, with respect to the 
spontaneous production from the vacuum. It is a sort of "more power on larger 
scales" effect, due to the temperature. Such effect is clearly illustrated in Fig. 4 
for the case of a flat (n = 1) spectrum, by comparing the vacuum case ((3q = oo) 
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with two cases at finite temperature (the rescaled initial temperature is given in 
units of uJq 1 ). 

As a consequence of this enhanced production, the inflation scale has to be 
lowered, in order not to exceed the observed CMB anisotropy. This is illustrated 
in Fig. 5, where the upper bound on the final inflation scale Hi, obtained from 
the condition 0,(ojo) ~ 10~ 10 applied to the modified spectrum (5.14), is plotted 
versus the spectral index n, for different values of (3q. The zero temperature case 
gives the usual bound, which reduces to 10~ 5 M p for n = 1. At finite temperature, 
the maximum allowed scale is shifted to lower values. 

The importance of this thermal effect depends of course on the present value 
of the initial temperature Pq 1 , and if the duration of the inflationary phase is very 
long, the effect may be completely washed out by the inflationary super-cooling of 
the initial temperature. It turns out [38], however, that the thermal corrections 
may be significant for those inflationary models which predict just the "minimal" 
amount of inflation required to solve the standard kinematical problems. In that 
case, the effect of the thermal bath on the perturbation spectrum would represent 
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a truly (hot) "remnant" of the pre-inflationary universe [52]. 

What I want to stress here is that, in principle, the experimental data should 
be fitted by including a possible thermal dependence on the spectrum. If observed, 
however, such a dependence would be in contradiction with the pre-big-bang sce- 
nario, in which the universe starts to inflate from a flat and cold initial state, in 
such a way that no thermal modification of the spectrum is predicted. 

5.3 Dilaton Production. 

The new effect, peculiar of string cosmology and of the pre-big-bang scenario, is the 
parametric amplification of the quantum fluctuations of the dilaton background, 
which leads to a process of cosmological dilaton production [2,39]. 

In order to discuss this effect we need, first of all, the classical equations de- 
termining the time evolution of the perturbations. Such equations are obtained by 
perturbing the string cosmology equations (2.12)-(2.14), and inserting the back- 
ground solutions. It turns out, as expected, that the dilaton perturbations are 
coupled to the scalar part of the metric perturbations (in the linear approxima- 
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tion, tensor perturbations are decoupled, and evolve independently). 

Because of the frame-independence of the spectrum we can work in the Ein- 
stein frame, where the field equations are simpler. In this frame, however, the 
dilaton is coupled to the fluid sources, with coupling functions determined by the 
conformal transformation connecting E and BD frame. It is convenient, moreover, 
to use the gauge-invariant Bardeen variables, and to work in the longitudinal gauge 
[48]. In the case of isotropic backgrounds we have then one independent variable 
for the scalar perturbations of the metric, 

ds 2 = (1 + 2ip)dt 2 - (1 - 2ip)a 2 \dx\ 2 (5.15) 

two independent variables for the matter perturbations in the perfect fluid form, 

Sp, Sp, dui (5.16) 

an, in addition, the dilaton perturbation 

8<t> = X (5-17) 

(for the case of anisotropic backgrounds, more realistic in a pre-big-bang scenario, 
work is still in progress [34]). 

By working out the perturbation equations, and performing a Fourier analysis, 
we end up with a system of four coupled differential equations. Two of these 
equations define the velocity (Sui) and density (Sp) perturbations in terms of the 
background, and of the metric and dilaton perturbations, 

Sul =Su l (a, <j>, ip k , Xk) ^ 

Spk =6p(a,(f),il)k,Xk) 

The other two equations determine the coupled evolution of the metric and dilaton 
perturbations, i[) k and Xk, and can be written in compact vector form as 

Z k = (^ k ), Z'^ + 2-AZ' k + (k 2 B + C)Z k = (5.19) 

\ Xk J Ct 

where A, B, C are 2x2, time-dependent mixing matrices, determined by the back- 
ground and by the equation of state. For any given background and equation of 
state one has then, in principle, a solution determining the classical evolution of 
the dilaton perturbations [2] (see also [53] for related work along these lines, with 
the possible difference that a scalar field model of sources is used, instead of perfect 
fluid matter). 
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The second step to be performed, in order to obtain the quantum dilaton 
spectrum, is to express the perturbations in terms of the correctly normalized 
variables satisfying canonical commutation relations, and reducing the action to 
the canonical form [48,54] (namely the variables determining the absolute mag- 
nitude of the vacuum fluctuations). Such canonical variable are known for the 
metric-scalar field system [55], or for the metric-fluid system [56], but not for the 
full system with scalar field and fluid sources. In the full case one can try, at 
present, a perturbative approach only (work is in progress along this direction). 

The problem can be avoided, however, if we assume that the duration of the 
pre-big-bang inflation is much longer than the minimal duration required to solve 
the standard kinematical problems. In fact, the pre-big-bang solutions of the string 
cosmology equations (2.12)-(2.14) are characterized by an integration constant, T, 
which fixes the time scale at which the metric is no longer flat and starts to inflate, 
but also fixes the time scale at which the matter contributions become negligible 
with respect to the dilaton and metric kinetic energy [2], 

H 2 <«j) 2 ~ eV t « T 
e^p«<j) 2 ~H 2 , t»T 

So, if inflation is much longer than minimal, all the modes contributing to the 
presently observed spectrum "hit" the effective potential barrier of the perturba- 
tion equation (5.6) when the pre-big-bang is already " dilaton-driven" . Otherwise 
stated: all the scales inside our present horizon crossed the horizon during the 
phase of dilaton dominance. 

In such case we can neglect the matter contribution to the perturbation equa- 
tions, and we are left with the coupled metric and scalar field variables only, 
from which we know very well how to extract the spectrum [57]. By considering, 
in particular, a sudden transition between the simplest example of pre-big-bang 
background, three-dimensional, isotropic, dilaton-dominated, which in the E frame 
corresponds to 

a~(-? ? ) 1 /2 5 0~-v^l21no (5.21) 

and the standard radiation evolution, with frozen dilaton background, we find that 
the dilaton fluctuations are amplified with a growing spectral density, fi x ~ a; 3 . 

This is a very fast growth of the spectrum, but this special value of the spec- 
tral index should not taken as particularly indicative, because it could change 
substantially, while remaining growing, in a more realistic scenario in which one 
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includes the contribution of string matter, dilaton potential and contracting inter- 
nal dimensions [34]. 



6. Bounds on the Dilaton Spectrum. 

For a phenomenological discussion of the consequences of a possible dilaton produc- 
tion, associated to the pre-big-bang scenario, I shall thus parametrize the spectrum 
in terms of a growing spectral index 5 > 0, 

W^GHi (M) 

It turns out, as we shall see, that the phenomenological bounds are only weakly 
dependent on S, and they become completely 5-independent for 5 > 1. 

The dilaton spectrum is constrained by various phenomenological bounds. 
First of all we must require, according to eq.(5.3), 

H 1 ~ M p (6.2) 

in order to avoid that the produced dilatons overdose the universe in the radiation 
era, just like in the case of graviton production. 

If dilatons would be massless, this would be, basically, the end of the story. 
The dilatons, however, cannot be massless, because they couple non-universally, 
and with at least gravitational strength, to macroscopic matter [58] (with a possible 
exception which requires however fine-tuning [59]). This may be reconciled with 
the present tests of the equivalence principle only if the dilaton range is smaller 
than about 1 cm, namely for a mass 

m ~ m = 10" 4 eV (6.3) 

As a consequence we have, at low enough energy scales, also a non-relativistic 
contribution to the dilaton energy density [39] , 

due to non-relativistic modes, which start to oscillate at scales H(t) ~ m. Such a 
contribution grows in time with respect to the radiation energy density, and in the 
matter-dominated era, H < H2, it remains frozen at a constant value which we 
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must impose to be smaller than one, in order to satisfy the critical density bound. 
This provides the constraint 

m^(tf 2 MX" 4 ) W+1) (M 

Higher values of mass may be reconciled with present observations only if the 
energy (6.4) stored in the coherent dilaton oscillations was dissipated into radiation 
before the present epoch, at a decay scale 

Q 

Tfi 

H d ^ — >H (6.6) 
The reheating associated to this decay generates an entropy [2,39] 



TdJ \ Ml 



(where Td is the decay temperature and T r ~ ^M p H d the reheating temperature), 
and we are left with two phenomenological possibilities [60] . 

If m < 10 4 GeV then T r is too low to allow a nucleosynthesis phase subsequent 
to dilaton decay. We must impose that nucleosynthesis occurred before, and that 

AS ~ 10 (6.8) 

in order not to destroy all light nuclei already formed. If, on the contrary, m > 
10 4 GeV , and nucleosynthesis is subsequent to dilaton decay, then the only possible 
constraint comes from primordial baryogenesis, and imposes 

AS ~ 10 5 (6.9) 

This last condition, however, could be evaded in case of low energy baryogenesis 
[61]. 

The bounds so far considered refer to the case m < H\. If m > H\ then all 
modes are always non-relativistic, with a total dilaton energy density [2] 

Q x (t)^Gm 2 (§) (^) 3 (6.10) 

and the only constraint to be imposed is 

m ~ M p (6.11) 
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again to avoid over-critical density. 

The bounds reported here define an allowed region in the (m, Hi) parameter 
space. They have been already discussed in the past [62,60], with reference to the 
cosmological production of massive scalar particles with gravitational coupling 
strength, but always in the case of a flat 5 = spectral distribution. The resulting 
allowed region is illustrated in Fig. 6. 

Such an allowed region is source of problems for the dilaton, because realistic 
values of the inflation scale, say Hi ~ 10~ 5 M p , are only compatible with very 
high values of the dilaton mass. In particular, a dilaton mass in the TeV range, 
suggested by models of supersymmetry breaking [63] , turns out to be excluded for 
values of the inflation scale suggested by the observed COBE anisotropy [64]. 

In the case of a growing dilaton spectrum the allowed region "inflates" in 
parameter space, as illustrated in Fig. 7, which reports the previous bounds 
computed for a linearly growing spectrum, 5 = 1. There is a limit, however, on 
such a relaxation of bounds, because for 5 > 1 the spectral density is always 
dominated by the highest frequency mode u>i, even in the non-relativistic regime, 
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and the slope-dependence of the energy density disappears, after integration over 
all modes [2,39]. For all S > 1 the allowed region is thus the same as that of the 
linear case illustrated here. For < 5 < 1 the allowed region interpolates between 
the two limiting cases of Fig. 6 and Fig. 7. 

There are two interesting consequences of the the allowed region of Fig. 7. 

The first is that, for fast enough growing spectra, a dilaton mass in the TeV 
range becomes compatible with realistic inflation scales as high as 10~ 5 M p . 

The second is that for a "stringy" (nearly Planckian) inflation scale, the dila- 
ton mass may be very small or very large. In the small mass range, 

10" 4 eF~m~ley (6.12) 

dilatons are not yet decayed as m ~ 100 MeV (see eq.(6.6)), and their present 
contribution to O must be very near the critical one. For the range (6.12) one has 
indeed, from the density (6.4) evaluated for 5 = 1 in the matter era, 

10" 4 ~ fi x ~ 1 (6.13) 
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This suggests the possibility of "dilaton dark matter" [2,39], with properties very 
similar to those of axion dark matter. My personal belief is that the dilaton should 
be heavy, but the possibility of a light dilaton cannot be ruled out on the grounds 
of the present discussion. 

I should stress, however, that the bounds illustrated here refer to the cos- 
mological amplification of the quantum fluctuations of the dilaton background. 
If there are, in addition, also classical oscillations of the background around the 
minimum of the effective potential [65,60], and/or other mechanisms of dilaton 
production, then other bounds are to be superimposed to the previous ones. Hav- 
ing neglected such additional constraints, the allowed region of Fig. 7 is to be 
regarded as the maximal allowed region in parameter space. Work is in progress 
[34] to discuss dilaton production in a more realistic scenario in which the post- 
big-bang era is not immediately dominated by radiation, but includes a vacuum 
phase of dilaton dominance, dual to the phase of dilaton-driven pre-big-bang. 

7. Conclusion. 

The main conclusion of this paper is that a lot of work is still needed to clarify 
all the details of this cosmological scenario. However, I believe that such work is 
worth to be done, for the following, very important reason. 

The dilaton is a compelling consequence of string theory. 

The pre-big-bang scenario, and dilaton cosmology, are phenomenological con- 
sequences of string theory. 

Tests of this scenario are thus direct tests of string theory (and also, more 
generally, of Planck scale physics). 
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